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All solutions in positive integers x, y, z of the diophantine equation 
xVrnty “” = zur are determined, where m, n, r are given positive integers. The proof 
makes use of a simple criterion for the irreducibility of the polynomial x” - a over 
the rationals, where a is a positive rational. 
Let m, n, r be positive integers. The diophantine equation 
X’lm + yl/” = zv’, x, y, 2 positive integers, (1) 
has been mentioned occasionally in the past (see, for example, 12, 51). In 
particular, the case m = n = T was treated in [2] using valuation theory, in a 
slightly more general setting. Furthermore, the degree of an extension of the 
rational number field Q by roots of rationals was treated in [I, 3, 4, 61, and 
the question of the linear independence of such roots was considered there. 
In this article we wish to give aan entirely elementary treatment of Eq. (1). 
We are indebted to Feng Xuning for bringing this problem to our attention, 
and to the referee for providing Ref. [6]. 
Our object is to prove the following result: 
THEOREM 1. All sol&ions of (1) are giuen by 
x = tqp 9 y = tNdbn, z = t’ld(a + b): (2) 
where a, b, t are positive integers such that (a, b) = 1, and d = (m, n, r). 
The theorem can be generalized to the case when solutions in cyclotomic 
integers are required, but we do not consider this question here. 
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We require some preliminaries. If a is any positive rational, let 
v(a) = g.c.d. ((xi, a*,..., a,), 
where 
(3) 
a= tip?’ 
i=l 
(4) 
is the canonical decomposition of a into its prime power factors. We first 
prove a lemma on irreducibility (see [6] for a similar result). 
LEMMA 1. Let n be any positive integer, and let a be a positive rational. 
Then the polynomial x” - a is irreducible over the rational field Q if and 
only if(n, v(u)) = 1. 
As an immediate corollary, we have 
COROLLARY 1. Put A = (n, v(a)). Then x*’ - a”’ is irreducible over Q. 
The proof of the lemma is as follows: If A = (n, v(a)) > 1, then a”’ is 
rational and x*~ - al” is a proper divisor of x” - a, so that the condition is 
certainly necessary. To show that it is sufficient, it is enough to show that if 
A = 1 and k is any integer such that 1 < k < n, then awn is not rational, since 
the roots of x” - a are {a”“, where [ runs over the nth roots of 1, and the 
constant term of any proper manic factor of degree k of x” - a is the product 
of such roots, and so must be fawn, since it is real. 
Suppose the contrary, and let (4) be the canonical decomposition of a into 
its prime powers. Then 
awn = fi ppiun E Q, 
i=l 
so that 
aik/n z 0 mod 1, IGiGs. 
Since v(a) is an integral linear combination of a,, a, ,..., a,, this implies that 
v(a) k/n s 0 mod 1, 
so that 
k=Omodn, 
since (n, v(a)) = 1. This is a contradiction, since 1 < k < n. This completes 
the proof. 
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We first consider the special case m = n = r of Eq. (l), and use the 
corollary to prove 
THEOREM 2. Let n be a pcsitive integer. Then all solutions of 
x1l” + ylln = Zl/n (5) 
in positive integers x, y, z which are pairwise relative& prime are given b-y 
x = an, y = b”, z = (a + b)“, 
where a, b are positive integers which are relatively prime. It follows that all 
solutions of (5) in positive integers x, y, z are given by 
x = ca”, y = cb”, z = c(a + b)“, 
where a, b, c are positive integers such that (a, b) = 1. 
Proof: Since the equation is homogeneous, it is clearly suffkient to prove 
only the first part. Also, we may assume that n > 2, since the case n = 1 is 
trivial. 
Let x, y, z be a solution of (5) such that (x, y) = (x, z) = (y, z) = 1, and 
Put 
u = x/z, v = Y/Z> 
so that 
U”* + U*‘n = 1, v = (1 - 22’“)“. 
Put d = (V(U), n). Then the polynomial 
is irreducible over Q (by the corollary) and has u”” as a root, and so must 
divide the polynomial (1 - CO)” - v, which is also a polynomial over Q with 
uVn as a root. It follows that if [ is a primitive (n/d)th root of 1, then <u”” is 
also a root of (1 - CO)” - v, so that 
v = (1 - [ui’“)“. 
Hence 
(1 - uYn)n = (1 - [@)n, 
1 -&“=p(l -&““), 
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where p” = 1. If p = 1 then also c== 1. If p # 1 then 
1-K WI-1 
l-p” -’ 
so that (1 -&J/(1 -p) is real and different from 0. 
Comparing complex conjugates, 
1 -PC 1 -  l/A f  o 
----=1-1/p ’ 1-P 
which implies that 5 = 1. Thus in either case < = 1, which can only happen if 
A = n. Hence n ( v(u), and so u is an nth power; and similarly, v is an nth 
power. Since x, y, z are pairwise relatively prime, each of them must also be 
nth powers, from which the conclusion follows. 
The proof of Theorem 1 is now an easy consequence. We may rewrite (1) 
as 
(Xnr)I/mnr + (ymr)l/mnr = (Zmn)l/mnr, 
so that Theorem 2 implies that 
X nr = Cumn’, ym’ = c/P”‘, z”“’ = c(a + ,)‘-, 
where a, b, c are positive integers such that (a, b) = 1. Thus 
x = pram 3 y = ,+“*b”, z = ~““‘“(a + b)‘. 
The numbers c”“~, I?‘““‘, c”“‘” must all be rational; and a brief analysis 
shows that this can happen if and only if c = tmnrJd, where t is a positive 
integer, and d = (m, IZ, r). But this is precisely the form of the solution given 
by (2), and the proof is concluded. 
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